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Using density-functional perturbation theory and the Gru¨neisen formalism, we directly calculate
the linear thermal expansion coefficients (TECs) of a hexagonal bulk system MoS2 in the crys-
tallographic a and c directions. The TEC calculation depends critically on the evaluation of a
temperature-dependent quantity Ii(T ), which is the integral of the product of heat capacity and
Γi(ν), of frequency ν and strain type i, where Γi(ν) is the phonon density of states weighted by
the Gru¨neisen parameters. We show that to determine the linear TECs we may use minimally two
uniaxial strains in the z direction, and either the x or y direction. However, a uniaxial strain in
either the x or y direction drastically reduces the symmetry of the crystal from a hexagonal one to a
base-centered orthorhombic one. We propose to use an efficient and accurate symmetry-preserving
biaxial strain in the xy plane to derive the same result for Γ(ν). We highlight that the Gru¨neisen
parameter associated with a biaxial strain may not be the same as the average of Gru¨neisen pa-
rameters associated with two separate uniaxial strains in the x and y directions due to possible
preservation of degeneracies of the phonon modes under a biaxial deformation. Large anisotropy
of TECs is observed where the linear TEC in the c direction is about 1.8 times larger than that
in the a or b direction at high temperatures. Our theoretical TEC results are compared with ex-
periment. The symmetry-preserving approach adopted here may be applied to a broad class of two
lattice-parameter systems such as hexagonal, trigonal, and tetragonal systems, which allows many
complicated systems to be treated on a first-principles level.
PACS numbers: 63.20.D-, 65.40.-b, 65.40.De
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I. INTRODUCTION
Transition-metal dichalcogenides (TMDs) TX2, where
T is a transition metal (such as W and Mo) and X is a
chalcogen (such as S, Se, and Te), receive considerable at-
tention due to their important mechanical and electronic
properties1. Molybdenum disulfide (MoS2), a prototyp-
ical example of TMDs, is a layered system where Mo
atoms form hexagonal layers2,3. Each of the Mo hexago-
nal layers is sandwiched between two similar lattices of S
atoms, forming a trilayer4,5. The atoms within each tri-
layer are held together by strong covalent bonds, while
the trilayers of MoS2 interact primarily through weak
van der Waals interactions. It is this sandwiched struc-
ture that endows MoS2 with the important mechanical
properties for solid lubricants6,7. The electronic, optical,
and lattice dynamical properties have been under intense
investigations2,3,8. The research on multilayers of MoS2,
among many other multilayers of TMDs, has been fueled
by their novel properties intrinsic to two-dimensional ma-
terials. For example, successes of MoS2 multilayers have
been demonstrated for the purposes of energy-efficient
field-effect transistor9, advanced electrocatalysts10, ther-
moelectric devices11,12 with a large and tunable Seebeck
coefficient, phototransistors13, superconductivity14, etc.
MoS2 is joining the ranks of other low-dimensional ma-
terials, demanding both efficient and accurate treatment
of a first-principles approach15–18. Even though the me-
chanical, electronic, and lattice dynamical properties of
the equilibrium structure of MoS2 have been studied
extensively6,7,19, there are relatively few first-principles
studies of the anharmonic effects20 that contribute to
the thermal properties such as thermal conductivity and
thermal expansion coefficient (TEC).
The linear TECs of 2H-MoS2 have been measured in
Refs. 21 and 22 where it was found that the TEC along
the c direction is larger than that along the a direction.
On the theoretical side, TECs may be calculated by solv-
ing the vibrational self-consistent field equations23 or the
nonequilibrium Green’s function method24. TECs may
also be determined from a quasiharmonic approximation
(QHA) calculation in which a set of calculations is to
be carried out over a grid or mesh of lattice-parameter
points, where the dimensionality of the grid depends on
the number of independent lattice parameters25,26. Re-
cently Ding and Xiao27 chose six volumes to perform
phonon calculations to first obtain the volumetric TEC.
Another relation involving the linear TECs for a and c
[Eq. 15 of Ref. [27]] was set up, and the values of TECs
were solved. In this work, we develop a direct approach
based on the Gru¨neisen formalism to calculate the TECs
in the a and c directions. Our TEC results are then com-
pared with experiment. The outline of this paper is as
follows: Section II discusses the methodology used to ef-
ficiently calculate the thermal expansion coefficients of a
general hexagonal system. Section III reports the results
and discussion of the application of the method to MoS2.
Section IV contains the conclusions.
ar
X
iv
:1
60
8.
08
31
5v
2 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 11
 O
ct 
20
16
2II. METHODOLOGY
We shall first present the expressions for TECs for a
general hexagonal system obtained with the Gru¨neisen
formalism.28–32 Results specific to the hexagonal MoS2
will be presented later. The linear TECs of the crys-
tal along the x, y and z directions, denoted by α1, α2,
and α3, at temperature T can be described by a matrix
equation α1α2
α3
 = 1
Ω
C−1
I1I2
I3
 (1)
where Ω is the equilibrium volume of the primitive cell
and C−1 is the elastic compliance matrix33. The values
Cij are the matrix elements of the elastic constant matrix
C that corresponds to a hexagonal system34 where
C =
C11 C12 C13C12 C11 C13
C13 C13 C33
 (2)
The integrated quantities in Eq. 1 are given by
Ii(T ) =
Ω
(2pi)3
∑
λ
∫
BZ
dk γi,λkc(νλk, T ) (3)
where the integral is over the first Brillouin zone (BZ).
The frequency νλk of a phonon mode depends on the
mode index λ and wavevector k. The heat capacity con-
tributed by a phonon mode with frequency ν at temper-
ature T is c(ν, T ) = kB(r/ sinh r)
2 with r = hν/2kBT ,
where h and kB are the Planck and Boltzmann con-
stants, respectively. The Gru¨neisen parameter γi,λk =
−ν−1λk ∂νλk/∂ measures the relative change of a phonon
frequency νλk as a result of an i-type deformation with
strain size  applied to the crystal. For example, if a uni-
axial strain is applied in the x direction, then the strain
parameters are (, 0, 0, 0, 0, 0) (in the Voigt notation34),
i.e., 1 = , and j = 0, for j = 2, · · · , 6. We apply uniax-
ial strains in the x, y, and z directions to determine I1(T ),
I2(T ), and I3(T ), respectively. Gru¨neisen parameters
are evaluated using a central-difference scheme, where
a change in the dynamical matrices before and after de-
formation is used in the perturbation theory to deduce
the changes in eigenfrequencies32.
By a proper sampling in the k-space, we may calculate
the phonon density of states as
ρ(ν) =
Ω
(2pi)3
∑
λ
∫
BZ
dk δ(ν − νλk) (4)
Next we introduce a related quantity, Γi(ν), the
phonon density of states weighted by the Gru¨neisen pa-
rameters as
Γi(ν) =
Ω
(2pi)3
∑
λ
∫
BZ
dk δ(ν − νλk)γi,λk (5)
The usefulness of Γi(ν) is that we may obtain Ii(T ) in
Eq. 3 from another relation
Ii(T ) =
∫ νmax
νmin
dν Γi(ν)c(ν, T ) (6)
where νmin and νmax are the minimum and maximum
frequencies of all phonon modes in the BZ, respectively.
To calculate the linear TECs, it appears that a set of
three uniaxial deformations in the x, y, and z directions is
needed. However, due to the symmetry of the hexagonal
system, we should have α1 = α2 on physical grounds and
hence I1(T ) = I2(T ), so that the TEC Eq. 1 reduces to(
α1
α3
)
=
1
Ω
(
[C11 + C12] C13
2C13 C33
)−1(
I1
I3
)
(7)
or (
α1
α3
)
=
1
ΩD
(
C33 −C13
−2C13 [C11 + C12]
)(
I1
I3
)
(8)
where D = (C11+C12)C33−2C213. Therefore, for a hexag-
onal system two uniaxial strains, the first one in either
the x or y direction and the second one in the z direction,
are sufficient to determine the linear TECs. For MoS2,
the symmetry of the hexagonal system is not altered [the
space group remains as P63/mmc (#194)] when a uni-
axial strain is applied in the z direction. However, the
symmetry is significantly lowered from hexagonal with
a space group of P63/mmc (#194) to base-centered or-
thorhombic with a space group of Cmcm (#63) after a
uniaxial strain is applied in the x or y direction. This
will result in an increase of the computational cost com-
pared to that which preserves the hexagonal symmetry
where a phonon calculation is to be performed. For ex-
ample, after applying a uniaxial strain in the x direction,
a 5× 5× 5 q mesh required in a phonon calculation will
result in 27 irreducible q points and 486 irreducible rep-
resentations or 486 self-consistent field calculations. This
is to be compared with the symmetry-preserving defor-
mations (e.g., a uniaxial strain in the z direction) where
the number of irreducible q points is 15 and the number
of irreducible representations is 252, which clearly shows
substantial computational savings. More savings are ex-
pected when complicated crystal structures are treated.
We propose to use a computationally efficient,
symmetry-preserving biaxial strain in the xy plane (here-
after it shall be called an xy biaxial strain) where 1 =
2 =  to evaluate the Gru¨neisen parameters γb,λk and
use Eq. 3 or Eq. 6 to obtain Ib(T ). Due to the under-
lying symmetry, Ib(T ) = I1(T ) = I2(T ). However it
should be noted that Gru¨neisen parameters due to an xy
biaxial strain may not be the same as the average of the
3Gru¨neisen parameters due to x and y uniaxial strains.
These points will be elaborated later.
The phonon spectra of MoS2 are calculated with den-
sity functional perturbation theory (DFPT)35. For the
unstrained structure, a q mesh of 5 × 5 × 5 is used for
the phonon calculations, which is equivalent to evaluat-
ing the force constants36,37 using a 5 × 5 × 5 supercell.
The phonon calculations proceed by evaluating dynami-
cal matrices at a number of irreducible q points. From the
dynamical matrices the interatomic force constants in the
real space are obtained by an inverse Fourier transform,
and these force constants are used to construct dynamical
matrices at any k to calculate the phonon eigenfrequen-
cies νλk. For the strained structures, a q mesh of 5×5×5
is also used. For the unstrained structure, a larger q mesh
of 6× 6× 6 is used to confirm that a q mesh of 5× 5× 5
is sufficient for the purposes of TEC calculations.
III. RESULTS AND DISCUSSIONS
The bulk MoS2 belongs to the P63/mmc nonsymmor-
phic space group (# 194), with two inequivalent atoms,
where a Mo atom occupies a 2c(1/3, 2/3, 1/4) site and a
S atom occupies a 4f(1/3, 2/3, z) site, z = 0.6213. This
gives a total of six atoms in the hexagonal primitive cell.
Density-functional theory (DFT) calculations are carried
out using the plane-wave basis code Quantum Espresso38.
The orientation of the crystal adopted in this work is dic-
tated by the choice of the primitive lattice vectors, where
a1 = (a, 0, 0), a2 = (−a/2, a
√
3/2, 0), and a3 = (0, 0, c)
and a and c are the hexagonal lattice parameters. We
use 60 Ry as the cutoff energy for the plane-wave basis
set. The local-density approximation (LDA) is used to
describe the exchange and correlation. For MoS2 mul-
tilayers it has been demonstrated5 that the calculated
phonon frequencies using LDA agree well with the exper-
imental results. However, we should point out that the
van der Waals interactions may be important in the cal-
culation of phonon dispersion relations for some layered
systems such as graphite39. Pseudopotentials for Mo and
S are generated from pslibrary.1.0.0 based on the Rappe-
Rabe-Kaxiras-Joannopoulos40 scheme. A 13 × 13 × 4
Monkhorst-Pack k-point mesh is used. The hexagonal
lattice parameters and the atomic positions are fully re-
laxed. The force tolerance is taken to be 10−3 eV/A˚.
We obtain a0 = 3.125 A˚ and c0 = 12.086 A˚, which
is in good agreement with the experimental result41 of
a = 3.160 A˚, and c = 12.294 A˚. This is also consis-
tent with the fact that LDA tends to overbind in crys-
tals. We perform elastic-constant calculations42,43 to
obtain the elastic constants (C11, C12, C13, C33, C44) =
(242.35, 58.84, 11.31, 51.70, 19.60) GPa. These results
are in very good agreement with other computational
results44 where the values of (C11, C12, C13, C33, C44) =
(238, 64, 12, 57, 18) GPa. The agreement of our results
with the experimental results45 is rather good except for
C12 and C13 (where the experimental values of C12 =
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FIG. 1. (Color online) Gru¨neisen parameters γi,λk along
the high-symmetry directions for hexagonal MoS2, for (a) x
uniaxial, (b) y uniaxial, (c) z uniaxial, and (d) xy biaxial
strains. The corresponding densities of Gru¨neisen parameters,
gi(γ), are shown on the right. A mesh of 30× 30× 10 for the
k-point sampling is used to calculate gi(γ).
−54 GPa and C13 = 23 GPa), which may be due to the
fact these two values are not directly determined in ex-
periment, as discussed in Ref. [44].
We perform uniaxial deformations in the x, y, and z
directions with strains set to  = ±0.5 %. For the xy
biaxial deformations,  = ±0.25 %. The Gru¨neisen pa-
rameters γi,λk along the high-symmetry directions due
to these deformations are shown in Fig. 1(a)−(d). To
quantify more clearly the distribution of Gru¨neisen pa-
rameters in the BZ, we calculate the density of Gru¨neisen
parameters according to
gi(γ) =
Ω
(2pi)3
∑
λ
∫
BZ
dk δ(γ − γi,λk) (9)
which is shown in the right panels in Fig. 1. The den-
sity of Gru¨neisen parameters due to x uniaxial, y uniax-
ial, and xy biaxial strains are also displayed in the inset
of Fig. 2(b) for a direct comparison. From Figs. 1(a)
and 1(d), some negative Gru¨neisen parameters are ob-
served near the Γ point, which correspond to the low-
est transverse acoustic (ZA) modes. However, the plots
for densities of Gru¨neisen parameters , gi(γ), show most
Gru¨neisen parameters are populated between the small
range of 0 to 2, and negative Gru¨neisen parameters are
completely suppressed. The gi(γ) plots also show that
large Gru¨neisen parameters, say, gi(γ) > 2, are totally
negligible when sampling is taken. From Fig. 1(c) we
note that most Gru¨neisen parameters are very small for
z uniaxial deformation, which is consistent with the fact
that weak van der Waals interactions exist between MoS2
trilayers.
The phonon density of states of the unstrained struc-
ture is shown in Fig. 2(a) where there is a frequency gap
from 240 to 285 cm−1. The density of states weighted by
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FIG. 2. (Color online) (a) The phonon density of states ρ(ν)
for the unstrained MoS2 structure. (b) The phonon density
of states weighted by the Gru¨neisen parameters, Γi(ν). The
indices i = 1, 2, 3, b correspond to x uniaxial, y uniaxial, z
uniaxial, and xy biaxial strains, respectively. The inset shows
the densities of Gru¨neisen parameters, gi(ν), for i = 1, 2, b.
the Gru¨neisen parameters, Γi(ν), is shown in Fig. 2(b),
where a gap is inherited from Fig. 2(a). We note that,
Γ3(ν), which is due to a z uniaxial strain, has a broad
peak near 50 cm−1 due to the fact that these frequencies
are associated with more significant Gru¨neisen parame-
ters [see Eq. 5]. It is interesting to see that, while the
density of Gru¨neisen parameters due to the xy biaxial
strain, gb(γ), is quite different from that due to the x or
y uniaxial strains as shown in the inset in Fig. 2(b) (or
even the average of Gru¨neisen parameters due to x and y
uniaxial strains), Γ1(γ), Γ2(γ), and Γb(γ) are essentially
the same numerically, as shown in Fig. 2(b). This justi-
fies the proposal to use an xy biaxial strain to replace an
x uniaxial or y uniaxial strain to calculate the integrated
quantity Ib(T ).
We now provide two pieces of evidence that explain the
difference between Gru¨neisen parameters obtained with
an xy biaxial strain and the average of Gru¨neisen param-
eters obtained with x and y uniaxial strains. Fig. 3 shows
the phonon dispersions of the equilibrium structure and
the strained systems along that Γ − A path. Figs. 3(b)-
(e) focus on the change in frequencies around 290 cm−1.
It can be seen from Figs. 3(b) and 3(e) that a xy biaxial
strain cannot destroy the degeneracies of two doubly de-
generate E2u and E1g phonon modes. However, as seen
in Fig. 3(c), under an x uniaxial deformation, the two
doubly degenerate E2u and E1g phonon modes around
290 cm−1 split into four nondegenerate phonon modes.
Fig. 3(d) shows the same splittings for a y uniaxial strain.
This explains the average of Gru¨neisen parameters due
to x and y strains is not the same as that due to an
xy biaxial strain. However, the integrations according to
Eq. 5 associated with x uniaxial, y uniaxial, and xy biax-
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FIG. 3. (Color online) (a) The phonon dispersion of un-
strained MoS2 along the Γ − A path. (b) Two doubly de-
generate phonon modes for the unstrained structure (at Γ,
the frequencies are 287.7 and 290.3 cm−1 for E2u and E1g,
respectively). (c), (d), and (e) The detailed variations of the
phonon frequencies for the x uniaxial, y uniaxial, and xy bi-
axial strained structures, respectively. The strain values for
uniaxial and biaxial strains are +0.5 % and +0.25%, respec-
tively.
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FIG. 4. (Color online) Gru¨neisen parameters obtained with
x uniaxial strains. The chosen paths are (a) K − Γ−M and
K′ − Γ −M ′, and (b) K − Γ −M and K′′ − Γ −M ′′. The
paths are shown in the insets.
ial strains give rise to the same phonon density of states
weighted by the Gru¨neisen parameters, a fact which is
expected on physical ground.
Fig. 4 furnishes another piece of evidence that under
an x uniaxial strain, the planar BZ now has a fourfold ro-
tation symmetry, in contrast to the sixfold rotation sym-
metry for the case of biaxial strain (where the hexagonal
symmetry is preserved). The agreement of Gru¨neisen
parameters along K − Γ and K ′ − Γ paths in Fig. 4(a)
shows that there is a reflection symmetry around the y
axis. Similarly, the agreement of Gru¨neisen parameters
between those along the Γ−M and Γ−M ′ paths shows
that there is a reflection symmetry around the x axis.
Under the sixfold rotation symmetry of the planar BZ,
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FIG. 5. (Color online) (a) The integrated quantities Ii(T ) as
a function of temperature. (b) The linear TECs of MoS2 along
the a and c directions denoted by αa and αc, respectively, as
a function of temperature. The volumetric TEC is denoted
by αv. The insert shows the comparison of αa with the in-
plane TEC of a single-trilayer MoS2, obtained using a QHA
approach18.
we expect Gru¨neisen parameters to be the same along
the K − Γ and K ′′ − Γ paths, or along the Γ −M and
Γ−M ′′ paths. However, Fig. 4(b) shows that there is no
agreement of Gru¨neisen parameters along the K−Γ and
K ′′ − Γ paths, or along the Γ−M and Γ−M ′′ paths.
The integrated quantities I1(T ), I2(T ), and Ib(T )
shown in Fig. 5(a) are essentially identical, and they
are much larger than I3, which is due to a z uniax-
ial strain. This may be traced to the fact that inter-
actions between MoS2 trilayers are weak compared to
in-plane interactions that result in smaller Gru¨neisen pa-
rameters (i.e., smaller frequency changes) for z strains.
The linear TECs in the a and c directions are shown
in Fig. 5(b). Even though I3(T ) is about three times
smaller than Ib(T ) for, say, T > 400 K, αc(T ) is larger
than αa(T ). At T = 1000 K, αa = 6.73 × 10−6 K−1,
αc = 12.01 × 10−6 K−1, and the volumetric TEC αv =
2αa + αc = 25.47× 10−6 K−1. The main reason for this
is that the value of C33 (51.70 GPa) is much smaller than
the value of C11+C12 (301.19 GPa); therefore, according
to Eq. 7, it is possible that αc is larger than αa. The re-
sult that αc is indeed larger than αa is consistent with the
physical fact that it is easier to perform a deformation
in the z direction than in the in-plane direction, which
is again, attributed to the weak interactions in the out-
of-plane direction. This is also confirmed by the results
shown in the inset of Fig. 5(b) where there is a striking
similarity between the temperature dependences of in-
plane TECs for both the bulk MoS2 and a single-trilayer
MoS2, which is obtained from a QHA-LDA treatment
18.
El-Mahalawy and Evans21 measured the linear TECs of
2H-MoS2 between 293 and 1073 K and reported αa =
1.9×10−6 K−1 and αc = 8.65×10−6 K−1, which are con-
sistently lower than our values. The same group22 again
measured the TECs of 2H-MoS2 between 10 and 320 K
and found a larger αa = 4.922× 10−6 K−1, which agrees
better with our result, and αc = 18.580 × 10−6 K−1,
which is somewhat larger. We find the behavior of the
rate of change of αc with T to be different from that of
αa, where the former increases rapidly at low T while
the latter increases more gradually with T . Murray and
Evans22 have pointed out that the lattice constant a (c)
increases linearly (nonlinearly) with temperature, which
is consistent with our TEC results at low T .
IV. CONCLUSIONS
In summary, we have proposed a direct way to cal-
culate the linear thermal expansion coefficients (TECs)
of a hexagonal system based on the Gru¨neisen formal-
ism. We have also proposed a way to replace the ineffi-
cient symmetry-lowering uniaxial strains by the efficient
symmetry-preserving biaxial strains. We successfully im-
plemented the computational schemes and applied them
to a technologically important material, MoS2. We found
that MoS2 has a large TEC anisotropy where the thermal
expansion coefficient in the c direction is 1.8 times larger
than that in the a direction at high temperatures. We
highlighted that even though the integrated quantities
Ii(T ) required by the TEC calculations can be obtained
via a symmetry-preserving biaxial strain, the Gru¨neisen
parameters from a biaxial strain may not be a simple av-
erage of the Gru¨neisen parameters from uniaxial x and y
strains. We demonstrated that we only need a minimum
of two symmetry-preserving deformations to directly cal-
culate the TECs of a general hexagonal system. In con-
trast, the quasiharmonic approximation, when dealing
with a two-parameter system, may require an expen-
sive search in the two-dimensional search space. There-
fore, we expect that the strategies adopted in this paper
to treat a general two-lattice-parameter hexagonal sys-
tem can be similarly applied to treat other two lattice-
parameter systems such as trigonal and tetragonal sys-
tems, thus opening the door for a truly predictive TEC
calculation for many important materials. We also ex-
pect the TEC calculations based on the Gru¨neisen for-
malism via symmetry-preserving deformations may be
readily incorporated in any phonon related codes such
as phonopy46.
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